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Gauge symmetries emerge from a redundant description of the effective action for light degrees of
freedom after the decoupling of heavy modes. This redundant description avoids the use of explicit
constraints in configuration space. For non-linear constraints the gauge symmetries are non-linear.
In a quantum field theory setting the gauge symmetries are local and can describe Yang-Mills
theories or quantum gravity. We formulate gauge invariant fields that correspond to the non-linear
light degrees of freedom. In the context of functional renormalization gauge symmetries can emerge
if the flow generates or preserves large mass-like terms for the heavy degrees of freedom. They
correspond to a particular form of gauge fixing terms in quantum field theories.
I. Introduction
Gauge symmetries characterize the fundamental interac-
tions - strong, electroweak and gravitational. Where do
they come from? Their most important property is to
protect gauge bosons and the graviton from being mas-
sive particles, at least perturbatively and in the absence
of spontaneous symmetry breaking. From the viewpoint
of a microscopic theory that features a large mass scale
as the Planck mass, this property guarantees non-trivial
long distance physics at length scales much larger than the
Planck length. From the perspective of functional flow of
the effective action gauge symmetries permit “life after the
Planck mass” - not all particles get “heavy masses” ∼ M
such that the flow would effectively stop.
This raises a simple question [1–11]: Can gauge sym-
metries emerge macroscopically from the flow for a micro-
scopic setting without gauge symmetries? If yes, gauge
symmetries become a property of the infrared (IR) behav-
ior, as seen from some short distance scale M−1. The IR-
flow should be attracted towards a partial fixed point which
realizes gauge symmetry.
For global symmetries such a behavior is well known in a
generalized Wilsonian setting of functional flow equations.
An enhanced symmetry always constitutes a partial fixed
point if the flow equation is compatible with this symmetry.
Once the effective action exhibits a symmetry exactly, the
flow will not move away from the symmetry. This defines
the partial fixed point property. Small deviations from the
fixed point may either grow (IR-unstable) with the flow
towards the infrared, or they may decrease (IR-stable). A
macroscopic global symmetry can be generated by the flow
in a more general setting if the partial fixed point is IR-
stable.
The situation for local gauge symmetries differs from the
case of global symmetries. An exact local symmetry elim-
inates degrees of freedom which no longer belong to the
spectrum of physical excitations. A continuous approach to
a local symmetry needs therefore to eliminate continuously
these additional degrees of freedom. The most straightfor-
ward way how this can be achieved is the generation (or
preservation) of a large mass-like term for the additional
degrees of freedom. The approach to local symmetry is
then the process of decoupling of the “heavy degrees of
freedom”. This should realize local gauge symmetry for
the description of the remaining light degrees of freedom.
A different point of view may state that gauge symme-
tries as diffeomorphism symmetry are fundamental, with
no need or use of having them emerge from a more general
setting. It is, however, difficult to realize diffeomorphism
invariance in a regularized quantum field theory, in partic-
ular if the setting is discrete. In a discrete formulation it is
possible to impose lattice diffeomorphism symmetry [12].
This symmetry is, however, not as strong as the continuous
diffeomorphism invariance. The latter should be realized in
the continuum limit. One is back to the question of emer-
gence of local gauge symmetries from the flow towards the
infrared.
The present paper explores the possibility that local
gauge symmetries emerge from the decoupling of heavy de-
grees of freedom. We first investigate in sect. II the most
simple case of only one light and one heavy variable with a
linear gauge symmetry. Heavy degrees of freedom are de-
fined by the presence of a large quadratic term in the action
(“heavy mass”), while for the light degrees of freedom no
such term occurs. Correspondingly, we divide the sources
in the functional integral into “physical sources” J for the
light degrees of freedom, and complementary sources H for
the heavy degrees of freedom.
More generally, the physical sources obey a constraint
formulated with an appropriate projector P , PT J = J .
Correspondingly, the light degrees of freedom gˆ are con-
strained variables. One defines the effective action Γ¯(gˆ) for
the light degrees of freedom by simply setting the heavy
degrees of freedom to zero. Omitting the constraint for
gˆ and extending Γ¯(g) to unconstrained variables g real-
izes the gauge symmetry. It corresponds to a redundant
description, since Γ¯ only depends on gˆ despite its formal
dependence on general variables g. More precisely, this
procedure involves the map g → gˆ(g) which associates to
each general variable g a constrained variable gˆ(g), with
Γ¯(g) = Γ¯
(
gˆ(g)
)
. The gauge transformations acting on g
are the transformations that leave gˆ(g) invariant.
The constraint on the physical sources should correspond
to the covariant conservation of currents for Yang Mills
theories or to the covariantly conserved energy momentum
2tensor for quantum gravity. These constraints involve the
macroscopic gauge fields or metric. We therefore consider
in sect. III the case of a “field dependent projector” P (g).
Such a field dependence of the projector renders the gauge
transformations non-linear, as characteristic for Yang-Mills
theories or gravity. The explicit construction of the map
g → gˆ(g) leads to the concept of gauge invariant variables
gˆ(g) that we discuss in sect. IV. These physical variables
gˆ(g) obey differential constraints
P (gˆ)
∂gˆ
∂g
=
∂gˆ
∂g
P (g) =
∂gˆ
∂g
. (1)
For Yang-Mills theories or gravity they will be generalized
to gauge invariant fields Aˆµ(x) or metrics gˆµν(x). The
gauge invariant variables gˆ(g) correspond to trajectories
in field space rather than being defined globally. Their
specification involves “initial values”.
We discuss the macrophysical gauge invariant effective
action and its properties in sect. V. In sect. VI we general-
ize our setting from the simple two variable case to N vari-
ables. Quantum field theories obtain in the limit N →∞,
as briefly outlined in sect. VII. The particular gauge sym-
metries of Yang-Mills theories or gravity specify the pro-
jector P and therefore the form of the effective gauge fixing
term for the heavy modes. Within functional renormaliza-
tion for the effective average action [13] this form appears
in the formalism of gauge invariant flow equations involv-
ing a single gauge field [14]. Conclusions are presented in
sect. VIII.
II. Gauge symmetry for light mode from
decoupling of heavy mode
We will interpret the emergence of a gauge invariant ef-
fective action in terms of the decoupling of “heavy modes”
or “heavy degrees of freedom”. Gauge symmetry arises as
a redundant description for the “light modes”. Here the
notion of “heavy” and “light” is associated to the presence
or absence of a large quadratic term in the action, simi-
lar to the mass term for particles in quantum field theory.
(Actually, only the relative size of the quadratic terms for
light and heavy degrees of freedom matters.) In this sec-
tion we describe the setting in its simplest version, with
one heavy mode c and one light mode b, and a linear gauge
symmetry.
The emergence of gauge symmetry can be sketched as
follows: The effective action Γ[g] = Γ(b, c) has a large
quadratic term in c and no such term for b. We can con-
struct an effective theory for the light mode b by simply
setting c = 0,
Γ¯(b) = Γ(b, c = 0). (2)
For Γ¯(b) any dependence on the heavy field c is eliminated.
In particular, the large quadratic term for c (which corre-
sponds to the gauge fixing term) is no longer present. We
may now formally reintroduce c by using g = (b, c), while
maintaining the effective action Γ¯. The formal appearance
of g in Γ¯(g) is redundant, since Γ¯ actually only depends
on the light mode b. This redundancy is reflected by the
invariance
Γ
(
g + (0, c)
)
= Γ(g). (3)
The shift symmetry under g → g+(0, c) corresponds to the
local gauge symmetry once b and c are promoted to fields.
Thus gauge symmetry arises as a formal invariance in a
redundant description, which tells that the only physical
degree of freedom in the effective theory is b, despite the
formal appearance of g = (b, c).
We demonstrate the basic idea here in its simplest form,
with only one light variable b and one heavy variable c.
The coefficient of the quadratic term for c is taken to be
constant (field independent). In this form the usefulness of
a gauge invariant formulation for the light mode is not yet
clear - this will become more apparent in the next section
where the projections on the light and heavy modes in field
space are more complex. Nevertheless, many key features
of our setting are already visible in this simplest example.
1. Field independent source constraint
We first want to understand the circumstances under
which our setting for a gauge invariant effective action Γ¯
arises from the generating functional W for connected cor-
relation functions. Consider a function W that depends on
two sources J and H ,
W =
ρ
2
J2 +
α
2
H2 + γJH, (4)
where ρ may depend on J . The sources J and H couple
to the light and heavy degrees of freedom, respectively.
The source constraint projecting on the “physical source”
for the light degree of freedom simply reads H = 0. The
“macroscopic fields” associated to J and H are
b =
∂W
∂J
= ρJ +
1
2
∂ρ
∂J
J2 + γH,
c =
∂W
∂H
= αH + γJ. (5)
Instead of fields we deal here, however, with simple vari-
ables b, c, J,H and simple functions W and Γ.
The effective action is defined by the Legendre transform
Γ = −W + Jb +Hc = ρ
2
J2 +
1
2
∂ρ
∂J
J3 +
α
2
H2 + γJH
=
ρ
2
J2 +
1
2
∂ρ
∂J
J3 +
γ2
2α
J2 − γ
α
Jc+
c2
2α
, (6)
where the last identity uses
H =
c
α
− γ
α
J. (7)
Similarly, J is considered as a function of b and c, given by
the solution of eq. (5). We will not need its explicit form.
One has the usual identities
∂Γ
∂b
= J ,
∂Γ
∂c
= H. (8)
3In the limit γ/α → 0 the effective action decomposes
into two separate pieces
Γ = Γ¯(b) + Γgf (c) , Γgf =
c2
2α
, (9)
with Γ¯(b) the Legendre transform of W¯ (J) = (ρ/2)J2. For
γ 6= 0 we may define Γ¯(b) = Γ(b, c = 0) and observe for
Γ¯ (b) an additional term ∼ γ2.
Consider now the two-component vectors g = (g1, g2) =
(b, c) and L = (L1, L2) = (J,H), such that
∂W
∂Li
= gi ,
∂Γ
∂gi
= Li. (10)
With b(g) = g1 the function Γ¯(b) can be written as
Γ¯(g) = Γ¯
(
b(g)
)
, which actually only depends on the first
component g1 = b, such that
∂Γ¯
∂g1
= L1 ,
∂Γ¯
∂g2
= 0. (11)
This realizes the property that the field equations only in-
volve the physical source. The second equation (11) implies
a “gauge symmetry” under the infinitesimal transformation
δξgi = −ξδi2 , δξΓ¯ = ∂Γ¯
∂gi
δξgi = 0. (12)
For W we have for H = 0 the identity
∂W
∂L1 |H=0
= g1 = b, (13)
where b = b(J,H = 0). The second component,
∂W
∂L2 |H=0
= γJ = γ
∂Γ
∂b
, (14)
vanishes only for γ → 0.
The projection on the light field or physical variable
takes a simple form
gˆ = P
(
b
c
)
=
(
b
0
)
, P =
(
1, 0
0, 0
)
, P 2 = P. (15)
Similarly, the projection on the “physical source” J obeys(
J
0
)
= Pg. (16)
This realizes a linear gauge symmetry where the projector
is filed independent, similar to abelian local gauge theories
as pure QED.
2. Physical effective action
Our example shows that gauge symmetry can be real-
ized rather trivially by defining Γ¯(g) = Γ(g, c = 0). We
will require further that Γ¯ is the “physical effective ac-
tion”, realized for physical sources, e.g. H = 0. Beyond
the formal gauge invariance we will impose conditions such
that Γ¯(g) indeed describes the effective action for the light
degrees of freedom,corresponding to a restriction to phys-
ical sources. The first condition simply states that for a
restriction to physical sources the macroscopic variable for
the heavy degree of freedom should vanish
c(J,H = 0) = 0. (17)
Otherwise the effective action Γ¯(b) = Γ(b, c = 0) describes
the system only for H 6= 0. For the second condition we
require that the second derivative of Γ¯ yields the two point
function for the light modes by inversion
∂2Γ¯(b)
∂b2
∂2W
∂J2
= 1. (18)
In terms of the projector P eq. (18) can be written as
Γ¯
(2)
P W
(2)
P = P, (19)
where
Γ¯
(2)
P = P Γ¯
(2)P , W
(2)
P = PW
(2)P, (20)
and Γ¯(2), W (2) denote the matrices of second derivatives,
e.g.
Γ¯
(2)
ij =
∂2Γ¯
∂gi∂gj
. (21)
Again, we require that eq. (18) or (19) holds for physical
sources, i.e. H = 0.
From eq. (14) and c = ∂W/∂L2 one immediately con-
cludes that the first condition (17) only holds for γ = 0.
The projected second derivatives obey
W
(2)
P = PW
(2)P =
(
∂b
∂J |H
, 0
0 , 0
)
,
Γ
(2)
P = PΓ
(2)P =
(
∂2Γ
∂b2 |c
, 0
0 , 0
)
. (22)
One infers the matrix identities
Γ
(2)
P W
(2)
P =
∂2Γ
∂b2 |c
∂b
∂J |H
P
=
∂J
∂b |c
∂b
∂J |H
P, (23)
and
(1− P )Γ(2)W (2)P =
∂J
∂c |b
∂b
∂J |H
(
0, 0
1, 0
)
. (24)
We want to evaluate these relations for H = 0, correspond-
ing to c = γJ . In general, (1−P )Γ(2)W (2)P does not vanish
and Γ
(2)
P W
(2)
P does not necessarily equal P . For γ = 0,
however, the source J becomes only a function of b for
arbitrary H , such that
Γ
(2)
P W
(2)
P = P. (25)
Realizing that Γ¯
(2)
P = Γ
(2)
P , eq. (19) is obeyed for γ = 0. In
this case also the r.h.s of eq. (24) vanishes due to ∂J/∂c =
0, implying
Γ(2)W
(2)
P = P. (26)
We conclude that the two conditions (17), (19) amount to
the condition γ = 0.
43. Generating function for connected n-point
functions
So far we have considered a given W and discussed its
relation to the effective action Γ. We next want to realize
W = lnZ as the generating function for connected corre-
lation functions in a microscopic formulation. The usual
functional integral for the partition function Z is here rep-
resented as a simple integral. We will see that our scenario
can be realized in the usual setting with gauge fixing, but
only provided that a particular form of the gauge fixing is
chosen.
Let us define W (J,H) by the integral
W = ln
∫
db′dc′ exp
{− S(b′, c′)− Sgf (b′, c′) + Jb′+Hc′}.
(27)
Here S stands for the microscopic or classical action and
Sgf is “a gauge fixing term” that we first take as
Sgf =
1
2α
c′2. (28)
The gauge fixing term plays the role of the “heavy mass”
for the heavy degree of freedom c′, and the decoupling limit
will correspond to α→ 0.
Derivatives of W with respect to J and H yield the con-
nected correlation functions for b′ and c′. In particular,
one has
∂W
∂J
= 〈b′〉 = b , ∂W
∂H
= 〈c′〉 = c, (29)
and
∂2W
∂J2
= 〈b′2〉 − b2. (30)
If S is gauge invariant under the infinitesimal transforma-
tion δξc
′ = −ξ, δξb′ = 0, it is independent of c′. In this
case the integral (27) yields
W = W¯ (J) +
α
2
H2, (31)
and therefore indeed γ = 0. This demonstrates how our
setting can be realized in the most simple form.
Already at this stage we arrive at one of the important
conclusions of this paper. It is crucial that the gauge fixing
is quadratic in the field c′ and does not involve any linear
term. Consider a different gauge fixing term
Sgf =
1
2α
(c′ − ǫb′)2. (32)
Performing the Gaussian integration over c′ one arrives now
at
W =
α
2
H2 + c+ ln
∫
db′ exp
{− S(b′) + (J + ǫH)b′}
= W¯ (J + ǫH) +
α
2
H2, (33)
where we have taken a gauge invariant microscopic action
S (b′). For W¯ (J) = (ρ/2)J2 this produces a term linear in
H ,
W¯ =
ρ(J + ǫH)
2
(J2 + 2ǫJH + ǫ2H2)
= W¯ (J) + γ(J)HJ + 0(H2), (34)
where
γ = ǫ
[
ρ(J) +
J
2
∂ρ(J)
∂J
]
. (35)
The conditions (17), (19) for a physical effective action are
therefore not realized for an arbitrary form of the gauge
fixing!
In the presence of a non-zero γ one may still define a
gauge invariant effective action Γ¯ using
Γ¯(b) = Γ(b, c = 0) ,
∂Γ¯
∂b
= J. (36)
Making the trivial extension Γ¯(g) = Γ¯(g1, g2) = Γ¯(g1), one
arrives at a gauge invariant effective action Γ¯(g). The defi-
nition (36) corresponds to a “wrong expansion point” since
H differs from zero for c = 0, but one may not care and
be satisfied with ∂Γ¯/∂b = J . What goes wrong, however,
is the connection between the second derivative of Γ¯ and
the connected correlation functionW
(2)
P . For the projected
second derivative,
Γ¯
(2)
P = P Γ¯
(2)P =
∂2Γ¯
∂b2
P, (37)
the relation Γ¯
(2)
P W
(2)
P |H=0 = P no longer holds, such that the
correlation function for the light modes for H = 0 cannot
be extracted from Γ¯.
The origin of this problem is apparent on the level of Γ
where we can employ Γ(2)W (2) = 1. For
W (2)|H=0 =
(
ρ˜ , γ
γ , α
)
(38)
one has
Γ(2) =
1
ρ˜α− γ2
(
α , −γ
−γ , ρ˜
)
, (39)
and therefore
Γ
(2)
P W
(2)
P =
ρ˜α
ρ˜α− γ2P =
(
1− γ
2
ρ˜α
)−1
P. (40)
The r.h.s. equals the projector only for γ = 0. Similarly,
for Γ¯(b) defined by eq. (36) one has
∂2Γ¯
∂b2
=
∂2Γ
∂b2 |c=0
=
α
ρ˜α− γ2 , (41)
reproducing eq. (40). We conclude that W
(2)
P is no longer
the inverse of Γ¯
(2)
P in the projected space. This relation is
crucial, however, in order to compute correlation functions
from Γ¯ or to formulate an exact flow equation.
54. Gauge invariant effective action without
microscopic gauge invariance
Consider next the case where the action S(b′, c′) in eq.
(27) depends on c′,
S(b′, c′) = S¯(b′) + r1(b
′)c′ +
1
2
r2(b
′)c′2 + . . . (42)
We will show that our scenario can be realized even for a
non-gauge invariant microscopic action (42), provided we
take α→ 0 in the gauge fixing term (28).
We first keep only the term linear in c′. (Higher order
terms can be combined with the gauge fixing term. We
will be interested in the limit α→ 0 for which they can be
neglected.) Performing the Gaussian integral over c′ yields
W =
α
2
H2 + ln
∫
db′ exp
{− S¯(b′) + α
2
r21 − αr1H + b′J
}
.
(43)
This produces a linear term in H corresponding to γ 6= 0,
∂W
∂H |H=0
= −α〈r1〉|J , (44)
where the expectation value 〈r1〉 is evaluated with the ac-
tion
S′ = S¯ − αr
2
1
2
(45)
and in presence of the source J .
In the limit α → 0 the influence of the term linear in
H becomes negligible. In this limit one has S′ = S¯. In
particular, for r1 = rb
′ with constant r one has
γ = −αrb
J
= −αr
(
ρ+
1
2
∂ρ
∂J
J
)
. (46)
Corrections ∼ γ2/ρ˜α in eq.(40) vanish ∼ αρ˜r2 for α → 0.
Furthermore, the term ∼ r2c′2 in eq.(42) can be neglected
as compared to c′2/2α. For α → 0 the term exp(−c′2/2α)
becomes δ(c′), up to an irrelevant constant factor. There-
fore also all higher order terms in the expansion (42) be-
come negligible. We conclude that our setting with a gauge
invariant effective action Γ¯[g] and the properties (17), (19)
is realized for α → 0 even if the microscopic action is not
gauge invariant, e.g. r1 6= 0. The gauge symmetry violat-
ing terms are “projected out” by the gauge fixing term for
α→ 0.
Let us describe this issue in more detail. Up to first order
in α one finds
W = W¯ (J) +
α
2
H2 + αT (J)H, (47)
with
W¯ (J) = ln Z¯(J),
Z¯(J) =
∫
db′ exp
{− S′(b′) + Jb′}, (48)
and
T (J) = −〈r1〉 = −Z¯−1
∫
db′r1(b
′) exp
{− S′(b′) + Jb′}.
(49)
Thus W has the same form as eq.(31) up to the “linear
term” αTH . The linear term does not affect W
(2)
P .
In the presence of this linear term the expectation value
of c′ no longer vanishes for H = 0 and nonzero small α,
〈c′〉 = c = α(H + T (J)). (50)
Inverting this equation, together with
〈b′〉 = b = ∂W¯
∂J
+ αH
∂T
∂J
, (51)
one obtains the effective action
Γ (b, c) = Γ¯ (b) +
α
2
H2 + αHJ
∂T
∂J
, (52)
with
Γ¯ (b) =
∂W¯
∂J
J − W¯ (53)
the Legendre transform of W¯ [J ]. For α→ 0 one has
∂W¯
∂J
= b,
∂Γ¯
∂b
= J. (54)
The second derivative of Γ reads
Γ(2) =
1
W¯ (2) − α (∂T
∂J
)2
(
1 , − ∂T
∂J
−∂T
∂J
, 1
α
W¯ (2)
)
, (55)
such that for α→ 0 the relation
Γ
(2)
P W
(2)
P = 1 (56)
is obeyed. Extending Γ¯ (b) to Γ¯ (g) we realize eq.(11) and
gauge invariance of Γ¯ according to eq.(12). The projected
second functional derivative Γ
(2)
P can be computed from
Γ¯ (g).
Since for α→ 0 one has c ∼ α, the influence of the higher
order terms in the expression (42) is suppressed by higher
powers of α. For example, one has
〈
c′2
〉
= c2 +
∂2W
∂H2
= α+ α2 (H + T )
2
. (57)
This type of expression appears (multiplied with r2 (b
′)) if
we insert the expression (42) into the integral over c′. For
α → 0 such terms can be neglected. We conclude that
for α → 0 the functions W¯ (J) and Γ¯(b) can be computed
by replacing S → S¯(b′) in the integral (27). They remain
related by a Legendre transform.
65. Gauge symmetry from decoupling
This simple finding has an important consequence: the
limit α → 0 “projects out” any gauge symmetry violating
term in the “microscopic action” S. We do not need to
start with a gauge invariant microscopic action S in order
to obtain a gauge invariant effective action Γ¯. In particular,
we may add an infrared cutoff violating gauge invariance.
It may introduce a term ∼ r1c′, but the influence of this
gauge symmetry breaking vanishes if we choose a gauge
fixing with α→ 0.
For the present example this has a very simple interpre-
tation. For α → 0 the variable c′ corresponds to a “heavy
degree of freedom”, while b′ can be viewed as a “light de-
gree of freedom”. In the limit α → 0 the heavy degree of
freedom “decouples” and the effective action for the light
degree of freedom no longer feels the influence of the heavy
degree of freedom. Gauge invariance expresses the fact that
after omission of the heavy field the effective action for the
light field Γ¯ only depends on b. The generating functions
W¯ (J) and Γ¯(b) are related by a Legendre transform. What
is important in this setting is not the gauge invariance of
the microscopic action S, but rather the correct form of
the quadratic term in the heavy fields Sgf . In the decou-
pling limit α→ 0 it is the form of Sgf that determines the
precise gauge symmetry of the effective action for the light
modes.
We also note that for α → 0 an inappropriate gauge
fixing term (32) cannot be “cured” by any finite non-zero
source H . A finite linear term cannot modify the relation
c = ǫb, such that the conditions for a physical effective
action do not only follow from H = 0, but from any finite
H .
Our simplest example gives already a glance how gauge
symmetry can be realized by the flow to the infrared. It is
sufficient that a term Γgf of the form (9) is generated, and
that α reaches the decoupling limit α → 0. Nothing else
is required for the microscopic setting, provided Γgf is the
only term in the effective action that diverges for α→ 0.
We will see next how these properties generalize to set-
tings more closely related to Yang Mills theories and grav-
ity. The main conceptual difference will be that light and
heavy field cannot be defined globally, but only locally in
field space.
III. Non-linear gauge symmetry
The situation for quantum gravity or non-abelian gauge
theories differs in one important aspect from the setting of
the previous section. In gravity the covariant conservation
of the energy momentum tensor amounts to a constraint
on the source that involves the metric. Similarly, the phys-
ical sources for non-abelian gauge theories are covariantly
conserved currents, such that the constraint involves the
macroscopic gauge field. We therefore have to generalize
our setting to the case of a constraint on the source that
depends on a macroscopic “field” g = (g1, g2). In this sec-
tion we will again consider only two variables g1 and g2.
The projector depends now on the macroscopic field g and
therefore indirectly on the physical source. Therefore the
precise meaning of light and heavy degrees of freedom will
be modified. In particular, the “physical variable” gˆ for the
light degree of freedom can no longer be defined globally
but rather obeys a differential constraint.
1. Field dependent projector
The main new ingredient of this section is the depen-
dence of the projector P on the macroscopic field g and
thereby indirectly on the source L. The projection prop-
erty or constraint for the physical source,
J = P (g)L, (58)
will define the precise gauge symmetry.
We first consider a symmetric projector
P =
1
1 + η2
(
1, η
η, η2
)
, PT = P, (59)
that obeys
P 2 = P , 1− P = 1
1 + η2
(
η2, −η
−η, 1
)
. (60)
Here η is a function of g1 and g2 such that the projector
P = P (g) depends on g.
The physical source J obeys the field dependent con-
straint
J = PL =
L1 + ηL2
1 + η2
(
1
η
)
, PJ = J. (61)
If Γ¯(g) couples to the physical source,
∂Γ¯
∂gi
= Ji, (62)
this implies gauge invariance under the infinitesimal trans-
formation
δξg = −ξv(g) , v(g) = 1√
1 + η2
(−η
1
)
, δξΓ¯ = 0, (63)
as follows directly from
δξΓ¯ =
∂Γ¯
∂gi
δξgi = Jiδξgi = 0. (64)
The gauge invariance of Γ¯ follows from the redundant de-
scription, using unconstrained variables g while the source
is constrained. We observe that the gauge variation (63)
of the macroscopic variable involves g in a non-linear way,
as characteristic for the field dependence of gauge transfor-
mations in gravity or non-abelian gauge theories.
We may expand g around a given “expansion point” or
“background” g¯
g = g¯ + h. (65)
7Infinitesimal fluctuations h can be split into “physical fluc-
tuations” f ,
f = P (g¯)h =
h1 + ηh2
1 + η2
(
1
η
)
, (66)
and “gauge fluctuations” a,
a =
(
1− P (g¯))h = h2 − ηh1
1 + η2
(−η
1
)
, h = f + a, (67)
with
fT f + aTa = hTh = h21 + h
2
2. (68)
Consider now the gauge transformation of the back-
ground field g¯
δξg¯ = −ξv(g¯). (69)
This transformation can equivalently be accounted for by
an infinitesimal change of a, leaving f and g¯ invariant,
δξa = −ξv(g¯) , δξf = 0 , δξg¯ = 0. (70)
An infinitesimal gauge fluctuation a can therefore be
viewed as the change of g¯ under gauge transformations,
hence the name “gauge fluctuation”. For finite f and a the
gauge transformation of g induces additional terms in δξf
and δξa. Due to the dependence of η on g a simple global
gauge degree of freedom no longer exists.
The choice of the expansion point g¯ is completely ar-
bitrary - any value of g can be used as expansion point.
It makes no sense to split g globally into heavy and light
degrees of freedom. However, for each g the physical and
gauge “directions” are well defined by the projections of an
infinitesimal variation h. Also the meaning of the projected
second derivative Γ¯
(2)
P = P
T Γ¯(2)P is well defined. In sect.
IV we will use the projections (66), (67) of the fluctuations
in order to define the physical variable gˆ by a differential
constraint.
2. Generating functions from fluctuation integral
We next investigate how a field dependent constraint on
the source is realized within the formulation of a “func-
tional” integral. The partition function Z(L) is defined
as
Z =
∫
dg′1dg
′
2 exp
{− S(g′)− 1
2α
c′T c′ + LT g′
}
, (71)
with
g′ = (g′1, g
′
2) = g¯ + h
′ = g¯ + b′ + c′. (72)
The fluctuating variables c′ and b′ are eigenvectors of the
projector P (g),
P (g)b′ = b′, (1− P (g)) c′ = c′, (73)
and obey
b′ = P (g)h′, c′ = (1− P (g))h′. (74)
The projector P (g) depends on the macroscopic field g =
(g1, g2), which is a function of the sources, g = g(L). The
precise choice of g(L) will be discussed later. The general
source L in eq. (71) can be decomposed into J and H ,
with J the “physical source”,
J = P (g)L , H =
(
1− P (g))L. (75)
The definition of the generating function for connected
correlations W involves both g and g¯ in addition to L,
W (L, g, g¯) = lnZ(L, g, g¯). (76)
This occurs since
c′ =
(
1− P (g))(g′ − g¯) (77)
depends on g via the projector and on the “expansion
point” g¯. We will proceed later to a particular choice of
g¯(g), auch thatW (L, g) =W
(
L, g, g¯(g)
)
depends on L and
g. Such a choice is understood implicitly in the following
and we do not write the dependence on g¯ explicitly. We
also will take later the limit α→ 0.
The appearance of the field dependent projector intro-
duces an unfamiliar feature in the definition of the func-
tional integral. The formulation of the partition function
Z involves the macroscopic field g. More precisely, the
argument of the exponential in eq. (71) has no longer a
purely linear dependence on the source L. The “gauge fix-
ing term” ∼ 1/α depends on c′. In turn c′ depends on g via
eq. (77) and therefore on the sources, g = g(L). As a con-
sequence, the integral (71) is only defined implicitly. For-
mally, eq.(71) becomes an integro-differential equation for
Z since the r.h.s. depends on g(L). In general, the macro-
scopic variable g no longer equals the expectation value of
the microscopic variable 〈g′〉. The relation g = 〈g′〉 is not
needed, however.
In the limit α → 0 the “non-linear formulation” of
the partition function resembles in many aspects a “linear
background formulation” where the projector is formulated
with a fixed background variable g¯ instead of the macro-
scopic variable g. The reason why we formulate the gauge
fixing term in terms of the projector P (g) and use a dy-
namical g¯(g), rather than employing a fixed g¯ and P (g¯),
arises from the coupling of the “light variable” b′ to the
physical source J , which involves P (g) according to eq.
(61). Indeed, with our construction using P (g) the source
term obeys the simple relation
LT g′ = LT g¯ + JT b′ +HT c′. (78)
This ensures that the light vector b′ couples to the physical
source, while the heavy vector c′ couples to H . We do not
impose at this point that S is a gauge invariant function of
g′.
Our implicit construction seems perhaps cumbersome.
We will never need, however, to solve the integro-
differential equation explicitly. We observe that the
quadratic term ∼ c′2/α is close to a particular background
gauge fixing. The latter would be realized if we use a fixed
8background field g¯ in the projector, i.e. replacing P (g) by
P (g¯) in eqs. (73), (75).
We write the generating function
W (L, g) = lnZ(L, g) = W˜ (L, g) + LT g¯, (79)
with
W˜ (L, g) = ln
∫
dg′ exp
{
−S − 1
2α
c′T c′ + LTh′
}
, (80)
and h′ = g′ − g. One observes the standard relations
∂W
∂Li |g
= 〈g′i〉 = gi + 〈h′i〉 ,
∂W˜
∂Li |g
= 〈h′i〉 = hi. (81)
Here partial derivatives are taken at fixed g and g¯ = g¯(g).
Both 〈g′〉 and h depend on g.
For fixed g we define Γ˜ as the Legendre transform of W˜ ,
Γ˜(h, g) = −W˜ (L, g) + LTh, (82)
where L is the source associated to h by inverting the sec-
ond equation (81). One has the usual relations for the first
and second derivatives taken at fixed g,
∂Γ˜
∂hi |g
= Li , Γ˜
(2)
|g W˜
(2)
|g = 1. (83)
Writing
Γ˜(h, g) = −W˜ (L, g)− LT g + LT (g + h), (84)
and observing that the source associated to h is the same
as the one associated to 〈g′〉 = g + h, one sees that Γ˜(h, g)
can be identified with the Legendre transform of W (L, g)
in eq. (79), taken at fixed g,
Γ˜(h, g) = −W (L, g) + LT (g + h). (85)
It will be our aim to extract from Γ˜(h, g) a gauge invariant
effective action Γ¯(g).
In order to proceed we need to specify the relation be-
tween the sources L and macroscopic variable g, L = L(g),
as well as the choice of g¯(g). Then h is, in principle, com-
putable as a function of g. Inserting h(g) in eq. (85) the
effective action
Γ˜(g) = Γ˜
(
h(g), g
)
(86)
will only depend on a single variable g. We will begin
in the next section by identifying g¯(g) with the “physical
variable” gˆ(g).
IV. Physical variable
The physical variable gˆ plays an important role for the
construction of the gauge invariant effective action Γ¯. In-
deed, the construction of a gauge invariant action Γ¯(g) from
the more general effective action Γ(g) without gauge invari-
ance relies in a first step on the restriction of the variable g
to the “physical variable” gˆ. The latter obtains by eliminat-
ing the heavy degree of freedom, imposing the constraint
cˆ = 0.
1. Physical variable from physical fluctuation
An arbitrary variable g can be decomposed into a phys-
ical variable gˆ and a “gauge variable” cˆ,
g = gˆ + cˆ. (87)
We therefore can also write
gˆ = g|cˆ=0. (88)
The split (87) of the macroscopic variable g into physical
and gauge variables is a key for our construction. It will
find its equivalent on the level of quantum field theory,
corresponding to physical and gauge degrees of freedom.
We therefore discuss this concept in some detail in our
simple two-variable model.
Consider two neighboring variables g = g¯ and g = g¯+h.
Infinitesimal fluctuations h can be decomposed into phys-
ical fluctuations f and gauge fluctuations a according to
eqs. (65) - (67),
f = P (g¯)h , a =
(
1− P (g¯))h , h = f + a. (89)
This decomposition of fluctuations will be the basis for
the definition of physical and gauge variables and the de-
composition (87). Physical variables are defined such that
the difference between two neighboring physical variables
is a physical fluctuation. Let two neighboring physical vari-
ables, gˆ and gˆ′ = gˆ+hˆ, differ by an infinitesimal hˆ. Physical
variables gˆ are defined such that hˆ is a physical fluctuation,
hˆ = f .
Formally, physical variables obey the constraint
V T (gˆ)gˆ = 0. (90)
Here V (g) obeys the differential relation
Vi +
∂Vk
∂gi
gk = vi , Pj
ivi = 0. (91)
Applying the constraint on two neighboring physical vari-
ables yields for the difference
Vi(gˆ + hˆ)(gˆ + hˆ)i − Vi(gˆ)gˆi = 0. (92)
For infinitesimal hˆ = h this implies(
∂Vi
∂gˆk
gˆi + Vk
)
hk = vkhk = 0. (93)
Comparing with eq.(67), h = f + a, and using,
vk(fk + ak) = vk
[
(Ph)k +
(
(1 − P )h)
k
]
= vk
[
(1− P )h]
k
= vkak, (94)
eq. (93) implies ak = 0 and we identify indeed
hˆ = f. (95)
The family of physical variables gˆ corresponds to a “tra-
jectory” in the space of variables g where two neighboring
points are connected by a physical fluctuation f . Since the
trajectory only has to obey a differential equation the fam-
ily of physical variables is specified uniquely if a suitable
initial value g¯0 is chosen. From there it can be spanned by
subsequent additions of physical fluctuations f .
92. Physical and gauge variables from trajectories in
field space
For our simple example the physical variables gˆ are rep-
resented by a line in the two-dimensional space of macro-
scopic fields g. This line is specified by a choice of an initial
condition g¯0. Two neighboring g¯0 are equivalent if they
generate the same trajectory gˆ for physical fields. This is
realized if the two neighboring initial values g¯0 differ by a
physical fluctuation. In contrast, different lines of physical
metrics are induced if the two neighboring initial values
differ by a gauge fluctuation.
In the two-dimensional space spanned by g = (g1, g2)
the physical variables constitute a line that may be
parametrized by some parameter σ, e.g. gˆ(σ). This line
is defined by a differential equation with initial condition
gˆ(σ = 0) = g¯0,(
1− P (gˆ(σ)))∂σ gˆ(σ) = 0 , gˆ(σ = 0) = g¯0. (96)
This differential equation ensures that an infinitesimal dif-
ference between two points on the line constitutes a phys-
ical fluctuation. We have depicted this line schematically
in fig. 1. A different value for g¯0 will lead, in general, to a
different line.
We next define cˆ, again as a curve cˆ(σ, τ) solving a dif-
ferential equation with initial value
P
(
gˆ(σ) + cˆ(σ, τ)
)
∂τ cˆ(σ, τ) = 0 , cˆ(σ, τ = 0) = 0. (97)
Thus for every σ one can construct cˆ(σ, τ) by starting at
τ = 0 with cˆ = 0, adding an (infinitesimal) gauge fluc-
tuation a1 that obeys P (gˆ)a1 = 0, subsequently adding a
gauge fluctuation a2 obeying P (gˆ + a1)a2 = 0, and so on.
The line cˆ(σ, τ) exists for every σ. For every parameter
combination (σ, τ) we can define g(σ, τ) = gˆ(σ) + cˆ(σ, τ).
If there are no bifurcation points arbitrary g can be re-
alized as g(σ, τ) for suitable σ and τ . We show the lines
g(σ, τ) for different fixed σ in fig. 1. Special values are
g(0, 0) = g¯0, g(σ, 0) = gˆ(σ).
Inversely, for a given g we can follow the differential equa-
tion (97) for cˆ until the line g − cˆ(τ) intersects the line of
physical variables gˆ(σ) for some σ. For this purpose σ
needs not to be known - the projector in eq. (97) only
depends on g(σ, τ), and for fixed σ and gˆ(σ) we have the
differential equation P
(
g(σ, τ)
)
∂τg(σ, τ) = 0. This proce-
dure can be visualized in fig. 1. For a fixed g, indicated
by the filled square, one follows the trajectory for fixed but
unknown σ until it intersects the line of physical metrics
(open square), thus determining gˆ(σ), and correspondingly
cˆ(τ, σ). For every g we can construct in this way gˆ(g) and
cˆ(g) and realize the decomposition (87). We indicate the
variables gˆ(g) and cˆ(g) by arrows in fig. 1. In the following
we will assume the absence of bifurcations, at least in the
region close to gˆ(σ) which will be needed for our purposes.
With this assumption the decomposition (87) exists and is
unique.
In principle, the choice of the initial value g¯0, that is
needed for a unique specification of gˆ(g), is arbitrary. An
obvious possible choice is to identify g¯0 with the expecta-
tion value < g′ > in the absence of sources,
g¯0 = 〈g′〉|L=0. (98)
The difference between gˆ and < g′ > arises then only for
L 6= 0.
3. Differential constraints
We can use this construction in order to derive two dif-
ferential constraints for the map g → gˆ(g). An infinitesimal
change dgˆ = hˆ obeys P (gˆ)dgˆ = dgˆ, and we infer
P (gˆ)
∂gˆ
∂g
=
∂gˆ
∂g
, (99)
or
Pi
j(gˆ)
∂gˆj
∂gk
=
∂gˆi
∂gk
. (100)
An infinitesimal gauge variation of g, dg = a, obeys
P (g)dg = 0. It changes cˆ, corresponding to a change of
τ at fixed σ, but leaves gˆ invariant,
dgˆ =
∂gˆ
∂g
dg =
∂gˆ
∂g
(
1− P (g))dg = 0. (101)
This entails the constraint
∂gˆ
∂g
P (g) =
∂gˆ
∂g
, (102)
or
∂gˆk
∂gi
Pi
j(g) =
∂gˆk
∂gj
. (103)
By construction, the physical variable gˆ is gauge invari-
ant. This obtains formally from eq. (63) by virtue of the
constraint (102),
δξgˆ =
∂gˆ
∂g
δξg = −ξ ∂gˆ
∂g
v(g)
= −ξ ∂gˆ
∂g
P (g)v(g) = 0. (104)
Similarly, a physical variation of g, dg = f , changes gˆ
and leaves cˆ invariant. This implies the relation
∂cˆ
∂g
P (g) = 0 ,
∂cˆk
∂gi
Pi
j(g) = 0. (105)
We are interested in the region of very small |cˆ|, with typ-
ically values that vanish as α goes to zero. Infinitesimal cˆ
obey the simple condition
P (gˆ)cˆ = 0. (106)
We can identify cˆ with a gauge fluctuation around a “back-
ground” g¯ = gˆ. The constraint (106) holds, however, only
for infinitesimal cˆ,(
1− P (gˆ))cˆ = cˆ+ 0(cˆ2). (107)
10
4. Gauge invariant variable
The physical variable gˆ is a two-component variable.
Due to the differential constraint (103) it is gauge invari-
ant. The valley corresponding to gˆ(g) is a one-dimensional
hypermanifold. We may therefore construct a single gauge
invariant variable s corresponding to this hypermanifold.
For this purpose we employ normalized vectors w and v
that are eigenstates of the projector P ,
Pw = w , (1− P )v = v, (108)
with
wTw = 1 , vT v = 1 , wT v = 0. (109)
For the projector (59) they are given explicitly by
w =
1√
1 + η2
(
1
η
)
, v =
1√
1 + η2
(−η
1
)
. (110)
The eigenvectors of P obey
wiwj = Pij , vivj = (1− P )ij . (111)
We further introduce vectors U and V that are related
to w and v by a differential relation
wi = Ui +
∂Uk
∂gi
gk, vi = Vi +
∂Vk
∂gi
gk. (112)
The difference between U and w or V and v reflects the
dependence of w and v on g, which arises since η depends
on g. The gauge invariant variable s is constructed as
s = Ukgk. (113)
Indeed, UT (g)g is invariant,
δξ(Uk(g)gk) =
(
Ui +
∂Uk
∂gi
gk
)
δξgi
= wiδξgi = −ξwivi = 0. (114)
The gauge invariant variable s can be extended to gauge in-
variant field combinations in Yang-Mills theories or gravity.
This is mainly an argument of existence, since an explicit
construction of U may be difficult.
V. Macroscopic gauge symmetry
1. Gauge invariance
Let us consider an effective action Γ(g) whose precise
definition from microscopic physics (e.g. the relation with
Γ˜(g) and the specification of L(g)) is not important here.
Using the decomposition (87), g = gˆ + cˆ, we first define
Γ¯(gˆ) = Γ(gˆ, cˆ = 0). (115)
This can be interpreted as the effective action for the light
variable, with heavy variable cˆ eliminated. At this point gˆ
is a constrained variable.
g
2
_
g
c(g)^
g^ (g)
 1g
g
g g
g^
g (σ1 ,τ) (σ2 τ, ) (σ3 ,τ)
(σ)
g^ (σ)
FIG. 1: Trajectories for physical variables gˆ (thick line) and
gauge variables cˆ (thin lines). The function gˆ(g) obtains by
following for a given g (filled square) the trajectory g(σ, τ ) until
it intersects the trajectory gˆ(σ) (open square). We show the
corresponding vectors gˆ(g) and cˆ(g).
The effective action for the light variable can be extended
to the gauge invariant effective action
Γ¯(g) = Γ¯(gˆ(g)). (116)
This description is redundant since Γ¯(g) depends formally
on an arbitrary variable g despite the fact that it only
involves gˆ. Gauge symmetry expresses this redundancy.
By virtue of the differential constraint (103) one has
∂Γ¯
∂gk
=
∂Γ¯
∂gˆj
∂gˆj
∂gk
=
∂Γ¯
∂gˆj
∂gˆj
∂gi
P ki =
∂Γ¯
∂gi
P ki . (117)
The gauge variation of Γ¯ therefore vanishes
δξΓ¯ =
∂Γ¯
∂gk
δξgk = −ξ ∂Γ¯
∂gk
vk = −ξ ∂Γ¯
∂gi
P ki vk = 0. (118)
Of course this is a direct consequence of the gauge invari-
ance of the physical variable gˆ. From eq. (117) one also
concludes that the first variation of Γ¯ is some generalized
physical source
∂Γ¯
∂gk
= J¯k, J¯ iP ki = 0. (119)
The definition (115) is motivated if Γ involves a large
quadratic term
Γgf =
1
2α
cˆk cˆk, (120)
For α → 0 the field equations derived by variation of Γ
will be solved for cˆ = 0. Setting cˆ = 0 eliminates the heavy
mode, such that Γ¯ is indeed the effective action for the light
mode.
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We may use fig. 1 in order to visualize our construction
of the gauge invariant effective action Γ¯(g). The effective
action Γ(g) (without gauge symmetry) is a function over
the (g1, g2) plane. For small α it has a deep valley along
the line of the physical variable gˆ, with second derivative
perpendicular to this line ∼ 1/α. The action Γ¯(gˆ) has
support only on the line for the variable gˆ. The extension
Γ¯(g) = Γ¯
(
gˆ(g)
)
has again support in the whole plane. It
is constant along the lines g(σ, τ) with fixed σ, taking the
value Γ¯
(
gˆ(σ)
)
.
2. Macroscopic emergence of gauge symmetry
At this point we may formulate the general condition
how an effective gauge invariant theory arises from a more
general effective action Γ(g) that is not gauge invariant.
Two conditions are sufficient: (i) Γ(g) contains a term ∼ cˆ2
with a coefficient ∼ 1/α that exceeds all other relevant
scales. Here cˆ is defined by the decomposition g = gˆ + cˆ,
with gˆ obeying a differential constraint. We will take later
α → 0 such that small cˆ obeys in linear order P (gˆ)cˆ =
0. (ii) A possible term linear in cˆ in Γ(g) should have
a coefficient that remains finite for α → 0. These two
conditions are realized if Γ(g) contains a gauge fixing term
(120) and no other terms diverge ∼ α−1.
As a consequence of these two conditions the field equa-
tions can be projected into a “heavy” and a“light” sector,
(
1− P (g))∂Γ
∂g
=
(
1− P (g))L¯ = H¯ ∼ 1
α
cˆ+ . . . (121)
and
P (g)
∂Γ
∂g
= P (g)L¯ = J¯ = A0(gˆ) +A1(gˆ)cˆ+ . . . , (122)
where g = gˆ + cˆ. Here we use the relation (105), and eq.
(121) reads more precisely
Hi =
1
α
cˆk
∂cˆk
∂gi
+ . . . (123)
The coefficients A0, A1 for the expansion in powers of cˆ in
eq. (122) remain finite for α → 0. The dots on the r.h.s.
of eqs. (121), (122) denote terms that vanish for cˆ → 0 if
cˆ/α is finite. For α→ 0, and finite sources L, the solution
of eq. (121) implies cˆ = 0. This can be inserted into eq.
(122) such that only A0(gˆ) matters. For the light degrees
of freedom gˆ we can define Γ¯(gˆ) = Γ(g, cˆ = 0). The gauge
invariant effective action Γ¯(g) obtains then by dropping the
constraint on gˆ and extending Γ¯(g) = Γ¯
(
gˆ(g)
)
.
We next show that for cˆ = 0 the l.h.s of eq. (122) can
be written as ∂Γ¯/∂g,
P (g)
∂Γ(g)
∂g |cˆ=0
=
∂Γ¯(g)
∂g
. (124)
For this purpose we write
Γ(g) = Γ¯
(
g¯(g)
)
+ cˆkBk, (125)
such that
∂Γ
∂gj |cˆ=0
=
∂Γ¯
∂gj
+
(
∂cˆk
∂gj
Bk
)
|cˆ=0
. (126)
Eq. (124) follows from eqs. (117) and (105). We recover
eq. (119).
We emphasize that the conditions leading to a gauge in-
variant effective action Γ¯(g) for the light degrees of freedom
are purely formulated on the “macroscopic level”, e.g. in
terms of the effective action Γ(g). No particular assump-
tion on the microscopic physics that leads to these con-
ditions is required. This opens the possibility that gauge
invariance emerges as a result of the “renormalization flow”
from microphysics to macrophysics. It is sufficient that this
flow produces or keeps a term ∼ cˆ2/α that is huge on the
scales of the effective theory for the light degrees of free-
dom, and that no huge term linear in cˆ is generated. The
precise relation between Γ(g) and Γ˜(g), as defined by eq.
(86) is not important. Also the sources L¯, J¯, H¯ may differ
from L, J,H .
3. Gauge symmetry from microscopic formulation
The crucial point for the emergence of macroscopic gauge
symmetry from the decoupling of the heavy degree of free-
dom is the presence of the gauge fixing term (120) in Γ,
with α → 0. We will show that this obtains in the micro-
scopic formulation (71). The functions Γ(g) and Γ˜(g) may
differ by a term that does not diverge for α → 0. This
difference will not affect the divergent gauge fixing term
(120) in Γ(g).
We identify the dynamical background g¯(g) with gˆ(g).
For the leading divergent term for α→ 0 the saddle point
approximation becomes valid, such that
Γ˜(g) = Γ˜gf + Γ˜fin, (127)
where
Γ˜gf =
1
2α
〈c′k〉〈c′k〉, (128)
and Γ˜fin does not diverge ∼ α−1 for α → 0. Indeed, Γ˜gf
corresponds to the “classical approximation”, while “loop-
corrections” do not diverge ∼ α−1. The expectation value
〈c′〉(g) is evaluated in the presence of sources and obeys,
by virtue of eq. (77),
P (g)〈c′〉(g) = 0. (129)
The precise relation between g and L does not matter in
this context.
For small cˆ we can expand the propagator P (g) = P (gˆ+
cˆ) in cˆ. The leading term in the constraint (129) takes the
form
P (gˆ)〈c′〉(g) = 0, (130)
which coincides with the projector equation (106) for in-
finitesimal cˆ. This suggests that for a suitable choice of the
macroscopic variable g the quantities 〈c′〉(g) and cˆ(g) can
be identified in the limit α→ 0.
The relation g(L) can be defined implicitly by the rela-
tion between g and 〈g′〉. We choose the macroscopic vari-
able g such that
g = 〈g′〉 − 〈b′〉. (131)
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With this choice and g¯ = gˆ the relations
〈g′〉 − gˆ = 〈b′〉+ 〈c′〉 , g − gˆ = cˆ, (132)
indeed imply cˆ = 〈c′〉. This closes the argument that Γ(g)
contains a gauge fixing term (120) in the limit α→ 0, and
therefore establishes the gauge invariant effective action
Γ¯(g) for the light degree of freedom.
We observe that the condition (131) does not fix the
choice of the macroscopic variable g uniquely. One possible
choice could simply be g = 〈g′〉, which is equivalent to
〈b′〉 = 0. We will admit, however, the more general choice
(131), for which we only require the condition
P (g)(g − 〈g′〉) = g − 〈g′〉. (133)
One may use the remaining freedom in the choice of g(L)
(compatible with eq. (133)) and the precise relation be-
tween Γ and Γ˜ in order to “optimize” the properties of
Γ¯(g). For example, this freedom is used in ref. [14] in
order to obtain a simple form of a gauge invariant flow
equation for a scale-dependent Γ¯[g].
We conclude that macroscopic gauge symmetry can
emerge from microphysics in a rather general setting. The
microscopic formulation (71) is only an example for a much
wider class of microscopic settings that can lead to macro-
scopic gauge invariance. For α→ 0 the precise form of the
microscopic action S is arbitrary. The only thing that fixes
the gauge symmetry is the form of the diverging effective
action Γgf for the heavy degree of freedom. In the con-
text of flow equations it is sufficient that α flows towards
zero, even if it does not vanish on the microscopic level.
The generic emergence of gauge symmetry for the effective
action Γ¯(g) does not yet guarantee that the properties of
Γ¯(g) are simple. For quantum field theories this concerns,
in particular, locality properties of Γ¯(g).
VI. Multi-component variables
In this section we proceed towards the construction of
the gauge invariant effective action for quantum field the-
ories. The main conceptual issues can already be under-
stood by the two-component examples of the preceding two
sections. The way to quantum field theory proceeds by
a rather straightforward generalization to N -components,
and finally to the limit N → ∞. The indices of the N -
component vectors will then contain spacetime coordinates
or momenta.
1. Multi-component vectors
It is straightforward to generalize the microscopic and
macroscopic variables g′ and g, as well as the sources L,
to N -component vectors. The projectors P and (1 − P )
depend again on the macroscopic variable g. The number
of eigenvalues 1 and 0 of P needs not to be equal. If P has
M eigenvalues 0 we have M “gauge degrees of freedom”,
c′ = (1− P )h′, and N −M “physical degrees of freedom”,
b′ = Ph′. The projector is not necessarily symmetric. We
use covariant vectors gi, g
′
i and contravariant vectors L
i for
the sources, such that
− SL = Lig′i = Lig¯i + J ib′i +Hic′i
= LT g′ = LT g¯ + JT b′ +HT c′. (134)
The physical sources J i obey
J i = LiPi
j , J iPi
j = Jj , JTP = JT . (135)
As before, the relation
∂Γ¯
∂gi
= J i (136)
implies gauge invariance under infinitesimal transforma-
tions
δg = (1− P )λ, δgi = (1 − P )ijλj , (137)
according to
δΓ¯ = J iδgi = J
T δg = JTP (1− P )λ = 0. (138)
The projector 1−P hasM eigenvectors vs for the eigen-
value one,
(1− P ) ji vsj = vsi , (139)
and N−M eigenvectors wu, u = 1 · · ·N−M , for the eigen-
values zero (or eigenvalues one of P ),
P ji w
u
j = w
u
i . (140)
In terms of these eigenvectors the gauge transformation
takes the form
λi = −visξs, δgi = −vsi ξs. (141)
Contravariant vectors are related to covariant vectors by
g′i = Dijg′j , L
i = LjD
ji (142)
(For symmetric projectors PT = P one can use Dij = δij
such that there is no difference between g′i and g′i.) We
also employ
vs,i = Dijvsj , v
i
s = D
ijvtjFts (143)
and similarly for wiu, obeying
vis (1− P ) ji = vjs, wiuP ji = wju. (144)
(For PT = P we can choose Fts = δts.) The normalization
is chosen as
vitv
s
i = δ
s
t , w
i
uw
v
i = δ
v
u, (145)
and the orthogonality of eigenspaces implies
vsiw
i
u = 0. (146)
Using visv
s
i =M , w
i
uw
u
i = N −M , as well as the projector
properties, one finds
vsi v
j
s = (1− P ) ji , wui wju = P ji . (147)
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2. Physical and gauge degrees of freedom
We will employ again the physical and gauge degrees of
freedom gˆi and cˆi and the decomposition
gi = gˆi + cˆi. (148)
Their construction is analogous to the two-variable model
of sect. IV. For any given gi the physical and gauge fluc-
tuations fi and ai obey(
1− P (g))
i
jfj = 0 , P (g)i
jaj = 0. (149)
Starting from a given initial value g¯0,i we subsequently add
physical fluctuations fi in order to construct the N −M -
dimensional hypermanifold gˆi. This manifold may be
parametrized by N −M variables σu as gˆi(σu). The phys-
ical degrees of freedom obey the differential equation
(
1− P (gˆ))
i
j ∂gˆj
∂σu
= 0 , gˆj(σu = 0) = g¯j . (150)
For every gˆi(σu) we then construct cˆi(σu, τs) by subse-
quently adding gauge fluctuations. They are solutions of
the differential equations
Pi
j(gˆ + cˆ)
∂cˆj
∂τs
= 0 , cˆj(σu, τs = 0) = 0. (151)
We again assume the absence of bifurcations in the relevant
region of small cˆ such that the decomposition (148) exists
and gˆ(g) and cˆ(g) are unique.
The map g → gˆ obeys simple differential properties.
First, an infinitesimal difference between two physical de-
grees of freedom is a physical fluctuation. It therefore obeys
dgˆi = Pi
j(gˆ)dgˆj = Pi
j(gˆ)
∂gˆj
∂gk
dgk, (152)
implying for the derivatives
∂gˆi
∂gk
= Pi
j(gˆ)
∂gˆj
∂gk
. (153)
A simple constraint
(
δji − Pij(gˆ)
)∂gˆj
∂gk
= 0 (154)
therefore applies to the partial derivatives ∂gˆj/∂gk, and
not to gˆj .
Second, changing gj by a gauge fluctuation changes cˆi
but does not affect gˆi,
gˆi
(
gj + (1− P )jkdgk) = gˆi(gj). (155)
This implies the constraint
∂gˆi
∂gk
(
δjk − Pkj(g)
)
= 0. (156)
The differential relations (154) and (156) constrain the
variation of the hyperface gˆ(g) with g. They correspond
to eq. (1). We also generalize the relation (105), such that
infinitesimal cˆ obey
Pi
j(gˆ)cˆj = 0. (157)
The infinitesimal gauge transformation of gi,
δξgi = −ξsvsi (g), (158)
obeys
Pi
j
(
g)
)
δξgj = 0. (159)
This is a transformation in the gauge direction that can be
realized by
δξ cˆi = −ξsvsi (g) , δξgˆi = 0. (160)
Indeed, the gauge invariance of gˆ follows from the differen-
tial constraint (156),(??),
δξgˆi =
∂gˆi
∂gj
δξgj =
∂gˆi
∂gk
Pk
j(g)δξgj
= −ξs ∂gˆi
∂gk
Pk
j(g)vsj (g) = 0. (161)
For infinitesimal cˆ we can define
cs = v
i
s(gˆ)cˆi. (162)
These variables correspond to c in the two-variable model.
With the transformation (160) one has
δξcs = −ξs. (163)
In conclusion, we have decomposed the macroscopic vari-
ables gi into gauge invariant physical variables gˆi and gauge
degrees of freedom cˆi. Gauge transformations only act on
cˆi. The decomposition is, in general, not global and gˆi only
obeys differential constraints for its dependence on g. The
precise definition gˆ therefore depends on the choice of an
“initial value” g¯0.
We can again construct N−M gauge invariant variables
su(g) which obey the defining relation
∂su
∂gi
= wiu(g), (164)
and are formally given by
su = U
i
u(g)gi, (165)
with U iu obeying the differential equation
U iu +
∂Uku
∂gi
gk = w
i
u. (166)
Both su and U
i
u are uniquely specified once the “initial
values” for the solution of eq. (166) are given for some g¯0.
The gauge invariance of su follows from
δξsu =
∂su
∂gi
δξgi = w
i
uδξgi
= wiu(1 − P )ijλj = 0. (167)
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Generalizing gi to fields the variables su become gauge
invariant field combinations. Their number corresponds to
the physical degrees of freedom, as obtained by the num-
ber of degrees of freedom in g minus the number of gauge
degrees of freedom. While these gauge invariant field com-
binations exist, they are difficult to construct explicitly in
practice.
The M -dimensional hypersurface spanned by gˆi(σu) +
cˆi(σu, τs) for fixed σu and gˆ(σu) constitutes a manifold of
constant su(g) = U
i
u(g)gi, since
dsu =
∂su
∂gi
hi = w
u
i hi (168)
vanishes if hi is a gauge fluctuation.
3. Gauge invariant effective action
Consider now an effective action Γ(g) that contains a
term
Γgf =
1
2α
cˆiT
ij cˆj . (169)
We will take α → 0 and assume that no other parts in Γ
diverge in this limit. For T ij we assume that it has no
zero eigenvalues on the projected space corresponding to
cˆi obeying eq. (157). In other words, cˆiT
ij cˆj = 0 implies
cˆi = 0. This is sufficient for the extraction of a gauge
invariant effective action Γ¯(g).
For finite sources the field equations
∂Γ
∂gi
= L¯i (170)
require for the solution
cˆi = 0. (171)
Inserting this partial solution into Γ(g) yields the effective
action for the light degrees of freedom gˆi,
Γ¯(gˆi) = Γ(gi, cˆi = 0). (172)
The gauge invariant effective action Γ¯(g) is defined as the
extension
Γ¯(g) = Γ¯
(
gˆ(g)
)
. (173)
We can use eq. (156),
∂gˆi
∂gj
=
∂gˆi
∂gk
Pk
j(g), (174)
for establishing the gauge invariance of Γ¯(g). The first
derivative obeys
∂Γ¯
∂gj
=
∂Γ¯
∂gˆi
∂gˆi
∂gj
=
∂Γ¯
∂gˆi
∂gˆi
∂gk
Pk
j(g)
=
∂Γ¯
∂gk
Pk
j(g), (175)
implying a vanishing gauge variation
δξΓ¯ =
∂Γ¯
∂gj
δξgj = −ξs ∂Γ¯
∂gk
Pk
j(g)vsj (g) = 0. (176)
We conclude that a general effective action of the form
Γ(g) = Γ¯(gˆ) +
1
2α
cˆiT
ij cˆj +∆Γ(gˆ, cˆ) (177)
is projected onto a gauge invariant effective action Γ¯(g) =
Γ¯
(
gˆ(g)
)
for the light degrees of freedom provided the limit
α → 0 is taken. Here ∆Γ is assumed to remain finite for
α→ 0 (or diverge less fast than α−1), and it is defined such
that it vanishes for cˆ = 0. This projection is realized by
the solution (171) of the field equation for the heavy degree
of freedom. It corresponds to the “decoupling of the heavy
modes”.
The “functional” integral
Z(L) =
∫
Dg′ exp
{
−S(g′)− 1
2α
c′iT
ij(g)c′j + L
ig′i
}
(178)
leads for α→ 0 precisely to an effective action of the form
(177). Gauge invariance of S(g′) is not needed. The gauge
degrees of freedom are given by
cˆi = 〈c′i〉, (179)
and the physical variables gˆ are gauge invariant. They obey
the differential constraints (153), (156). The argument pro-
ceeds in parallel to sect. V, relying on the validity of the
saddle point approximation for the leading singular term
in the limit α→ 0.
We conclude that the construction of a gauge invariant
effective action Γ¯(g) can be extended to an arbitrary num-
ber of fields. The field dependent projector P (g) needs not
to be symmetric. On the level of the “functional” inte-
gral the crucial ingredient is the form of the “gauge fixing
term” (169), being quadratic in the projected fluctuation
fields c′i, and therefore dependent through the projector
on the macroscopic field g. The limit α → 0 leads to an
effective action for the light fields. Its arguments are the
physical fields gˆi, and Γ¯[gˆ] turns to a gauge invariant action
if the constraint on gˆ is dropped. The limit N → ∞ does
not pose any particular problem in this construction. We
can therefore promote our construction to quantum field
theories, and the integrals to functional integrals.
VII. Quantum field theories
The extension to quantum field theories is conceptually
straightforward. It corresponds to the limit N →∞, where
the index i comprises now a space-time label xν as well as
Lorentz and internal indices.
1. Yang-Mills theories
For Yang-Mills theories the multi-component vector gi
stands for the gauge field Azµ(x). The projector on physical
modes P (g) is given by [15]
Pµ
ν(x, y) = δ(x− y)(δνµ −DµD−2Dν). (180)
It depends on the macroscopic field Aµ through the covari-
ant derivative
Dµ = ∂µ − iAµ. (181)
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Eqs. (180) and (181) involve matrices in the adjoint repre-
sentation, e.g.
(Aµ)yz = −iAwµ fwyz. (182)
For the particular case of abelian gauge theories one has
Dµ = ∂µ and P becomes independent of Aµ. This gener-
alizes the simple setting of sect. II.
For the decomposition
Aµ = Aˆµ + cˆµ (183)
the physical gauge fields Aˆµ(A) obey the differential con-
straint
Pµ
ν(Aˆ)
∂Aˆν
∂Aρ
=
∂Aˆµ
∂Aν
Pν
ρ =
∂Aˆµ
∂Aρ
. (184)
(For non-abelian gauge theories no global relation of the
type Pµ
ν(Aˆ)Aˆν = Aˆµ is obeyed.) The gauge degrees of
freedom cˆµ obey
∂cˆµ
∂Aν
Pν
ρ(A) = 0, (185)
and for infinitesimal cˆµ one has
Pµ
ν(Aˆ)cˆν = 0. (186)
Assume now that Γ[A] contains a gauge fixing term
Γgf =
1
2α
∫
x
GzG∗z , G
z = (Dµcˆµ)
z. (187)
For α→ 0 the solution of the field equation
∂Γ
∂Azµ(x)
= Lµz (x) (188)
is found for finite sources L as
cˆzµ(x) = 0. (189)
From the effective action for the light modes
Γ¯[Aˆ] = Γ[A, cˆ = 0] (190)
the gauge invariant action follows as
Γ¯[A] = Γ¯[Aˆ(A)]. (191)
By virtue of the differential constraints (184) one has
∂Γ¯
∂Aµ
= Jµ , Pµν(A)J
ν = Jµ. (192)
This is obeyed for covariantly conserved sources
DµJ
µ = 0. (193)
For a gauge variation
δAµ = Dµα, Pµ
νδAν = 0, (194)
the conservation of the current (193) implies gauge invari-
ance of Γ¯
δΓ¯ ∼
∫
x
tr{JµDµα} = −
∫
x
tr
{
(DµJ
µ)α
}
= 0. (195)
Starting from a microscopic formulation the macroscopic
gauge fixing term (187) is realized for a microscopic gauge
fixing
Sgf =
1
2α
∫
x
G′zG′∗z , (196)
with
G′z =
[
Dµ(A)(A′µ − Aˆµ)
]z
. (197)
This corresponds to Landau gauge fixing with a dynamical
background field. With
A′µ = Aˆµ + b
′
µ + c
′
µ, D
µb′µ = 0,
c′µ = Dµc
′, c′ = D−2Dν(A′ν − Aˆν),
c′µ = (δ
ν
µ − Pµν)(A′ν − Aˆν), (198)
one has
Dµ(A′µ − Aˆµ) = Dµc′µ, (199)
and therefore
G′z =
(
Dµ(A)c′µ
)z
. (200)
For α → 0 the leading order saddle point approximation
generates in Γ the required term (187), with
cˆµ = 〈c′µ〉. (201)
We conclude that the macroscopic emergence of gauge sym-
metry is realized if the microscopic gauge fixing term takes
the specific form of the Landau gauge fixing (196), (197).
2. Gravity
For gravity the vector gi corresponds to the met-
ric gµν(x). The explicit construction of the projector
Pµν
ρτ (x, y) on the physical fluctuations is more involved
than for Yang-Mills theories. It has been discussed in ref.
[16]. We present here only the structural aspects.
The physical sources are denoted here by Kµν = Kνµ
and obey the constraint,
∂µK
µν + Γ νµρ (g)K
µρ = 0, (202)
where Γ νµρ (g) is the connection formed with the metric
gµν .
The effective action Γ¯ will be constructed such that it
obeys
∂Γ¯
gµν
= Kµν . (203)
With the constraint (202) this results in diffeomorphism in-
variance of Γ¯. Multiplying eq.(203) with ξµ and performing
an integration over x yields after partial integration
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∫
x
ξµ
(
∂νK
µν + Γ µνρ K
νρ
)
= −
∫
x
Kνρ
(
∂νξρ − Γ µνρ ξµ
)
= −
∫
x
KνρDνξρ = 0.
(204)
Employing eq.(203) and using the symmetry of gµν and
Kµν one obtains
∫
x
∂Γ¯
∂gµν
δξgµν = 0, (205)
where
δξgµν = − (Dµξν +Dνξµ)
= −∂µξρgρν − ∂νξρgµρ − ξρ∂ρgµν .
(206)
With infinitesimal ξµ = gµνξν we recognize in eq.(206)
the variation of the metric with respect to an infinitesimal
diffeomorphism transformation.
The interpretation of the constraint (202) is straightfor-
ward. The energy momentum tensor T µν is related to Kµν
by
T µν =
2√
g
Kµν , (207)
such that the constraint (202) expresses the covariant con-
servation of the energy momentum tensor
DµT
µν = 0. (208)
A restriction to sources corresponding to conserved energy
momentum tensors implies gauge invariance of the effec-
tive action. The latter can also be expressed by the local
identity
∂ν
∂Γ¯
∂gµν
+ Γ µνρ
∂Γ¯
∂gνρ
= 0, (209)
which follows from the combination of eqs.(203) and (202).
Inversely, local gauge invariance of Γ¯ implies a conserved
energy momentum tensor as reflected by the relation (202).
Let us next specify the projector P on the physical fluc-
tuations and sources. Consider for a given metric g¯µν a
neighbouring metric g¯µν + hµν . We split the metric fluc-
tuations hµν into “physical fluctuations” fµν and “gauge
fluctuations” aµν ,
hµν = fµν + aµν , (210)
according to the decomposition into a vector and diver-
gence free tensor part
aµν = Dµaν +Dνaµ, D
µfµν = 0. (211)
Here the covariant derivative Dµ involves the connection
formed with g¯µν . Also the lowering and raising of indices is
performed with g¯µν and g¯
µν , respectively. An infinitesimal
gauge transformation (206) of g¯µν can be realized by aµ →
aµ − ξµ, with invariant fµν . This motivates the naming of
the fluctuations fµν and aµν .
We can write the decomposition of h formally in terms
of the projector P , P 2 = P , namely
Pa = 0, Pf = f. (212)
More explicitly, the projector is defined by two conditions:
the first states that for arbitrary vectors aµ one has
∫
y
P ρτµν (x, y) (Dρaτ +Dτaρ) = 0, (213)
while the second expresses the projector property,
∫
y
P ρτµν (x, y)P
λσ
ρτ (y, z) = P
λσ
µν (x, z) . (214)
Furthermore, P obeys
P ρτµν = P
ρτ
νµ = P
τρ
µν = P
τρ
νµ . (215)
With the definitions (210), (211) we can define the physical
metric fluctuations by a projection from hµν
fµν(x) =
∫
y
P ρτµν (x, y)hρτ (y) . (216)
(This also relates a to h by a = h − f = (1− P )h.) The
explicit construction of the projector is not as simple as for
Yang-Mills theories, for a discussion see ref. [16].
We decompose the macroscopic metric gµν into the
“physical metric” gˆµν and the gauge mode cˆµν
gµν = gˆµν + cˆµν . (217)
The family of physical metrics is characterized by the prop-
erty that two neighbouring physical metrics differ by a
physical fluctuation fµν . This is a differential relation in
function space
Pµν
ρτ (gˆ)
∂gˆρτ
∂gαβ
=
∂gˆµν
∂gρτ
Pρτ
αβ(g) =
∂gˆµν
∂gαβ
. (218)
A unique manifold of solutions to the differential relations
(218) needs the specification of some “initial value” g¯0µν ,
from which the other physical metrics can be obtained
by subsequently adding physical fluctuations fµν . Dealing
with such a constraint in practice is rather cumbersome.
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Dropping the formal constraint will lead gauge symmetry
and result in important practical simplification.
It is important that the constraint on physical metrics
is only formulated for the infinitesimal difference between
two such metrics, f νµν; = 0. There is no corresponding
“global constraint” on gˆµν . For this reason the concept of
a family of physical metrics is somewhat hidden A second
reason is the differential character of the constraint which
requires the choice of some initial g¯0µν . Different g¯
0
µν lead
to different families of physical metrics. The precise choice
is arbitrary.
Using the decomposition (217) we write an arbitrary
functional of the macroscopic metric in the form
Γ[gµν ] = Γ[gˆµν , cˆµν ]. (219)
Our setting is realized if Γ [g] takes the form
Γ [gµν ] = Γ¯ [gˆµν ] + Γgf [gˆµν , cˆµν ] , (220)
with a generalized “gauge fixing term” Γgf at least
quadratic in cˆµν . The first derivative of Γ yields sources L¯,
∂Γ
∂gµν
= L¯µν . (221)
The solutions with L¯µν = Kµν correspond to cˆµν = 0, such
that Γgf vanishes if the solution is inserted. This extends
to arbitrary L¯µν if the coefficient ∼ α−1 in front of the
gauge fixing term diverges. As usual, the effective action
for the “light modes” gˆµν obtains from Γ by inserting the
solution of the field equation for the “heavy modes” cˆµν
Γ¯[gˆµν ] = Γ¯[gˆµν , cˆµν = 0]. (222)
The gauge invariant effective action Γ¯ will then obtain by
dropping the formal constraint on gˆµν ,
Γ¯ [gρσ] = Γ
[
gˆµν [gρσ]
]
. (223)
The gauge fixing term is no longer present.
We finally connect our setting to a gauge fixed functional
integral with a particular gauge fixing
Sgf =
1
2α
∫
x
√
g(Dµh′µν)
2, h′µν = g
′
µν − gˆµν . (224)
Here the covariant derivative Dµ is formed with the macro-
scopic metric gµν . Together with its inverse g
µν the macro-
scopic metric is also used to lower and raise indices. De-
composing
h′µν = b
′
µν + c
′
µν ,
b′µν = Pµν
ρτ (g)h′µν , D
µb′µν = 0,
c′µν = Dµc
′
ν +Dνc
′
µ, (225)
one finds that Sgf is indeed quadratic in c
′
µν and does not
involve b′µν ,
Sgf =
1
2α
∫
x
√
g(Dµc′µν)
2. (226)
Identifying
cˆµν = 〈c′µν〉 (227)
induces in the effective action the gauge fixing term Γgf ,
for which c′ is replaced by cˆ in eq. (226). The particular
“physical gauge fixing” (224) has been advocated in ref.
[16] and used for flow equations in ref. [17].
VIII. Conclusions
We have investigated the possibility that local gauge
symmetries emerge macroscopically from microscopic laws
that do not necessarily exhibit these symmetries. As a
basic concept, the flow of a scale dependent effective ac-
tion from short distances (microphysics) to large distances
(macrophysics) may generate the gauge symmetries. This
seems indeed possible.
The mechanism for the dynamical generation of a local
symmetry differs, however, profoundly from the case of a
global symmetry. A general effective action Γ may be writ-
ten as a gauge invariant part Γ¯ and a gauge violating part
∆Γ,
Γ(g) = Γ¯(g) + ∆Γ(g). (228)
For a dynamical emergence of a global symmetry ∆Γ
should flow towards zero in the infrared. In contrast, a
local symmetry can be realized dynamically if ∆Γ diverges
in the infrared in a particular way. This happens if ∆Γ con-
stitutes a gauge fixing term which is quadratic in the gauge
fluctuations. The quadratic term separates heavy from
light modes. Eliminating the heavy modes eliminates ∆Γ,
leaving Γ¯ as the effective action for the light modes. At this
point the light modes correspond to constrained fields gˆ(g).
Dropping the constraint by the extension Γ¯(g) = Γ¯
(
gˆ(g)
)
results in a redundant description that exhibits the gauge
symmetry.
This mechanism works for a particular form of a diverg-
ing gauge fixing term ∆Γ ∼ Γgf . The gauge fixing term
defines a hypermanifold of light fields gˆ(g) for which it does
not contribute. The gauge modes are perpendicular to this
hypermanifold, and the gauge invariance of Γ¯(g) expresses
that Γ¯ does not depend on the gauge modes. The char-
acterization of the gauge modes, and the corresponding
projector P on physical fluctuations, is determined by the
form of Γgf . For a given gauge symmetry, as a local gauge
group for Yang-Mills theories or diffeomorphisms for grav-
ity, the properties of physical fields gˆ(g) and gauge modes
cˆ(g) are fixed (up to some initial values). This corresponds
to a particular class of “physical” gauge fixing terms that
produce for the light fields the wanted gauge symmetry.
For Yang-Mills theories the Landau gauge with dynamical
background field belongs to this class. For gravity the co-
variant conservationDνhµν = 0 for metric fluctuations hµν
is a physical gauge fixing. Other gauge fixing terms may
lead to a projection on heavy and light modes that do not
correspond to the wanted gauge symmetry.
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It is possible that the required gauge fixing term is gener-
ated during the flow, even if not present at the microscopic
level. This applies, in particular to the diverging coefficient
∼ α−1 in front of the gauge fixing term. The value α = 0 is
a (partial) fixed point to which the flow may be attracted
in the infrared.
The generation of a suitable gauge fixing term is suffi-
cient for a realization of a local gauge symmetry for the ef-
fective action for the light modes. Local gauge symmetries
can therefore arise in a rather general context. This does
not imply, however, that all such gauge symmetric effective
actions belong to the same universality class as standard
Yang-Mills theories or quantum gravity. While local gauge
symmetry is a crucial ingredient, it is presumably not suf-
ficient for the determination of the universality class. In
addition, Γ¯(g) should have suitable locality properties, for
example admitting a derivative expansion on scales where
perturbation theory applies (sufficiently above the confine-
ment scale). Also the generalized measure contributions
(Faddeev-Popov determinant or associated ghost sector)
should be present.
Having established the way how local gauge symmetries
can arise dynamically, the focus will have to concentrate
on the properties of universality classes in order to find
out under which circumstances the known fundamental in-
teractions could emerge as a “long-distance-property”.
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